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Abstract

In this paper, we propose a data-driven reduced homogenization technique to capture diffusional phenomena in heterogeneous
materials which reveal, on a macroscopic level, a history-dependent non-Fickian behavior. The adopted enriched-continuum
formulation, in which the macroscopic history-dependent transient effects are due to the underlying heterogeneous microstruc-
ture is represented by enrichment-variables that are obtained by a model reduction at the micro-scale. The data-driven reduced
homogenization minimizes the distance between points lying in a data-set and points associated with the macroscopic state of
the material. The enrichment-variables are excellent pointers for the selection of the correct part of the data-set for problems with
a time-dependent material state. Proof-of-principle simulations are carried out with a heterogeneous linear material exhibiting
a relaxed separation of scales. Information obtained from simulations carried out at the micro-scale on a unit-cell is used to
determine approximate values of metric coefficients in the distance function. The proposed data-driven reduced homogenization
also performs adequately in the case of noisy data-sets. Finally, the possible extensions to non-linear history-dependent behavior
are discussed.
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1. Introduction

Transient mass diffusion phenomena in heterogeneous materials are prevalent in engineering applications, for
example, Lithium-ion batteries [1], polycrystalline materials [2], diffusion in porous gels [3], etc. For their analysis,
numerical methods like finite elements in conjunction with transient computational homogenization [4,5] are
used. Computational homogenization represents the heterogeneous domain by a homogeneous macro-scale and a
heterogeneous micro-scale and solves the transient diffusion phenomena in a coupled two-scale setting. Despite the
fact that the individual micro-scale constituents might reveal instantaneously linear behavior, the homogenization
of transient mass diffusion phenomena in heterogeneous materials provides an emergent non-Fickian diffusion
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behavior [6,7]. This lagging and history-dependent diffusion behavior obtained at the macro-scale is due to the
transient nature of the mass diffusion occurring at the micro-scale. Diffusion in a heterogeneous material, consisting
of inclusions embedded in a matrix material, can be characterized by a characteristic loading time 7', a characteristic
diffusion time for the inclusions 7; = d?/D; and a characteristic diffusion time for the matrix t,, = ¢2/D,,, where
d is the inclusion size (e.g. diameter), £ is the characteristic size of the representative microscopic domain (e.g. the
unit-cell), D; and D,, are the diffusivity constants for the inclusions and the matrix, respectively. In the regime of
the relaxed separation of scales (t,, << t; ~ T), the non-Fickian behavior at the macro-scale is due to the slow
diffusion inside the inclusions. This gives rise to a lagging behavior at the macro-scale, which is more prominent
in the macroscopic storage term than in the diffusion term.

The homogenization in transient regimes is generally computationally very expensive. In previous work [8],
a model reduction technique, based on component mode synthesis [9,10] was developed for transient diffusion
phenomena in heterogeneous materials with linear material properties in the relaxed separation of scales regime.
The microscopic primary field variable was decomposed into a steady-state and a transient part. Model reduction
was achieved by solving an eigenvalue problem and selecting only a few eigenvectors in the reduced bases set.
When projected onto the reduced bases subspace, the discretized mass balance equation at the micro-scale provides
a set of ordinary differential equations in terms of the activity coefficients of the eigenvectors. At the macro-scale,
the macroscopic initial boundary value problem, the ordinary differential equations of the activity coefficients,
and the effective, homogenized, constitutive equations entail an enriched-continuum description, where the activity
coefficients are the emerging enrichment-variables. These enrichment-variables can be treated as separate fields or
as internal-variables, as used in the constitutive theories involving internal variables [11]. This method was later
extended to coupled diffusion-mechanics phenomena [12], where diffusion induced stresses were correctly captured
with the reduced method. The major limitation of the enriched-continuum formulation is the fact that it relies on
the linear material models at the micro-scale to obtain the well-defined eigenvector reduced bases by solving an
eigenvalue problem.

In this work, a further extension of the enriched-continuum formulation is proposed, which we call data-driven
reduced homogenization. It combines the model reduction at the micro-scale, to obtain enrichment-variables playing
the role of internal-variables, and the data-driven framework, which was first proposed in [13].

The data-driven computing [13] eliminates the need for a material model in computer simulations and instead
directly uses raw data obtained from e.g. experiments or micro-scale simulations. In essence, the data-driven method
tries to find a point in the data-set closest to the physical-state of the material obeying compatibility and the
balance laws (or vice-versa). It was further extended to noisy data-sets [14], dynamics [15] and inelastic material
behavior [16]. Data-driven computational homogenization, was proposed in [17,18], where the expensive micro-scale
calculations were performed first to generate data containing homogenized quantities in an off-line stage, while in
an on-line stage, the homogenized macro-scale problem was solved using the data-driven approach. It was also
showed that the search through the data-set is much more efficient than solving micro-scale problems in a coupled
manner.

The data-driven approach proposed in [13] is fundamentally different from other data-driven methods used
in mechanics, where the data is typically used to learn the behavior of the material in terms of a stress—strain
relationship or an energy potential. Classically, this learning process involves linear/non-linear regression through,
experimentally collected, data points to build a model. The regression analysis has recently been replaced by
techniques such as artificial neural networks, deep learning, etc. borrowed from the field of data science. For
example, [19] employed a data-driven method that uses artificial neural networks to obtain a decoupled and efficient
computational homogenization for non-linear elastic materials by approximating a density energy function. For a
data-set with few points, a data-driven inverse problem was proposed in [20] to recover the entire constitutive
manifold. Notably, [21] developed a multi-scale data-driven method using recurrent neural networks, which can
capture the history-dependent behavior for plasticity and replaces the micro-scale calculations with a surrogate
model. Detailed reviews for modern data-driven model building techniques can be found in [22-25].

The data-driven reduced homogenization, that will be proposed in this work, entails three stages, i.e. (1) model
reduction, (2) data-generation, and (3) data-search.

1. The model reduction at the micro-scale, depending on the material models of the constituents, can be applied
to the discrete mass balance equations. It can be categorized as a pre-processing stage. In the context of
data-driven reduced homogenization, the central goals of performing model reduction at the micro-scale
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are to be able to (i) solve a large number of micro-scale problems in a computationally efficient manner
during the data-generation stage and (ii) obtain internal-variables to represent the effect of the micro-scale
transient behavior at the macro-scale. For the materials with memory, the internal-variables approach provides
a computationally efficient way to keep track of the history dependence [16], hence, easing the computational
efforts later in the data-search stage.

2. The data-generation stage involves the solution of many micro-scale problems, post-processing, and storage
of the results in the form of the macroscopic conjugate quantities. The data-generation stage is typically an
off-line stage. To ensure that the data-set contains representative values of conjugate quantities involved in
the problem, the micro-scale should be probed under different loading conditions with different frequencies.

3. Finally, the data-search is carried out to find an optimum point that reflects the minimal distance from the
current physical-state of the material, satisfying balance equations.

In this work, following [13,16,26], a staggered distance-minimizing data-driven solver is adopted. It iteratively
minimizes a quadratic distance function, defined on the material phase-space, while looking for a point in the data-
set. The compatibility of the macroscopic primary field is enforced directly and the macroscopic balance law is
enforced with the help of Lagrange multipliers. To find the physical-state of the material, the stationarity conditions
are obtained and then solved by taking all possible variations of the Lagrangian function. Then, the search through
the data-set is performed by an array indexing lookup operation. The data-search stage constitutes the on-line stage.
The material models (here linear) are known at the micro-scale and the data-driven approach is applied to the macro-
scale only. The formulation has to be adapted to the dimension and structure of the phase space. In particular, the
history-dependence typically entails very high dimension phase spaces, which can be addressed through various
strategies (see [16]). But the structure of the data-driven solver itself remains quite transparent also in case of
non-linearity. In this preliminary work, the analysis is limited to the linear material behavior, and the results are
compared with the reference enriched-continuum formulation [8], while the data-driven reduced homogenization
approach for non-linear materials will be analyzed in future work. The novel contributions in this paper are:

e introduction of data-driven reduced homogenization for macroscopic history-dependent linear diffusion
behavior;

e proposing a methodology to evaluate optimal numerical values of the coefficients in the distance function
based on the information from micro-scale simulations.

The paper is organized as follows: The diffusion enriched-continuum formulation and model reduction for linear
materials are briefly presented in Section 2. The data-driven reduced homogenization is derived in Section 3: first,
the data-set and phase-space are defined; next the solution procedure and the algorithm is elaborated for a distance
minimizing data-driven solver. All stages of the data-driven reduced homogenization are evaluated with numerical
examples in Section 4, where after setting up the micro-scale and macro-scale problems, the data-generation is
performed by micro-scale simulations. An important discussion is made on the selection of numerical values of the
coefficients in the distance function and the performance and convergence of the proposed method is assessed
with a noisy data-set. Future perspectives, along with an outlook to extend the proposed data-driven reduced
homogenization method to non-linear history-dependent diffusion materials, are presented in Section 5 and finally
the conclusions are given in Section 6.

2. Enriched continuum for diffusion problems

Assuming that the micro-scale material properties and microstructural topology are known, the non-Fickian
behavior at the macro-scale can be captured through a multi-scale approach such as transient computational
homogenization [4,5,7]. For diffusion problems, the macroscopic behavior, in terms of the macroscopic chemical
potential i as the primary unknown field, is obtained by solving a macroscopic transient mass balance equation

V.j+¢=0, in 02,
it=0)=jo, in £,
ﬂ:ﬁ, on 8!_2[“ M
—j-ﬁ:;, on 8?)7.
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where 8?2/1 and 8?); are the Dirichlet and Neumann sub-parts of the macroscopic boundary 3f2, respectively,

and 7 is the outward unit-normal vector, j is the prescribed mass influx and ﬁ is the prescribed macroscopic
chemical potential. The explicit expressions for the macroscopic constitutive equations of the macroscopic mass
flux j and the rate of change of macroscopic concentration ¢ are not known and these are to be determined through
homogenization, based on the micro-scale material behavior and morphological information.

The micro-scale problem is described by the balance equation

V.j+¢=0 2)
with the known constitutive equations given by
j=—-M-g, where g = Vi and u = A(c — ¢p), 3)

with M the mobility tensor, A the chemical modulus and ¢ the reference concentration. The material properties are
assumed to be known for each micro-structural constituent. Transient computational homogenization involves down-
scaling and up-scaling steps: the former consists in imposing the governing macroscopic quantities (i, g), with
g2 = Vi, on the micro-scale domain, and the latter involves the computation of the effective conjugate quantities
(. ¢), after solving the transient fully resolved micro-scale problem which can be computationally rather expensive.
In the relaxed separation of scales regime (requiring that the characteristic diffusion time of the matrix t,, is much
smaller than that of the inclusion t; which is of the same order of magnitude as the characteristic loading time T
ie. T, < 1; ~ T), for micro-scale constituents with a linear material behavior, a reduced model for transient heat
conduction has been proposed in [8]. Whereby the computationally expensive solution of the transient micro-scale
problem is replaced by an inexpensive solution of a set of ordinary differential equations at the macro-scale by using
computational homogenization along with component mode synthesis. A similar approach to [8] can be adopted for
transient mass diffusion problems in heterogeneous materials. First, discretized (e.g using FEM) the microscopic
chemical potential field p can be decomposed into its steady-state 55 and transient p,, parts. Next, an eigenvalue
problem is solved at the micro-scale to obtain the reduced eigenmodes ¢, where ¢ = 1,2, ... ,/\/q, with J\/'q are
the reduced number of eigenvectors. Finally, the microscopic discretized problem is projected onto the subspace of
the reduced eigenbasis yielding a decoupled system of first-order ordinary differential equations
L
ntan=-di—-a-g. “
where 7 is the column of the modal amplitudes, having the meaning of activity coefficients or reduced degrees of
*

* -
freedom 79, o is the diagonal matrix of eigenvalues a®’, and @' and d@’ are the coefficients that couple the
micro-scale to the macro-scale. Projection onto the reduced degrees of freedom, also provides the expression for
the macroscopic constitutive equations of the macroscopic flux

j=-a'i-B-g—¢i-C-g, (5)
and the rate of change of the macroscopic concentration

c=d'q+e-g+fut+f-g. (©6)
At the macro-scale, Egs. (1), (4)—(6) present a diffusion enriched-continuum with 7 as the column of enrichment-

variables. The effective coefficients (@, B, ¢, C) and (d, e, f, f) are the linear maps between the macroscopic
quantities (ﬁ, g, ;1 §) and (}', é), respectively. Their magnitudes and directions depend on the microstructural
material properties and microstructural morphology. The reader is referred to [8] for a detailed derivation of the
enriched-continuum formulation in the context of transient heat conduction, and to Ref. [27] for the expressions
of the effective coefficients used in Egs. (4)—(6) and the numerical implementation of the enriched-continuum for
mass diffusion problems. The enriched-continuum formulation has also been extended to transient mass diffusion
problems coupled to mechanics in [12].

The non-Fickian diffusion at the macro-scale, represented by j = }(Q 2.0, 8)in Eq. (5) and ¢= E(Q 2.1, 8)
in Eq. (6), allows to capture the complex history dependence. The enrichment-variables 7 play similar role to
the internal-variables used in the constitutive theory of inelastic materials [11]. However, here the macroscopic
model is non-classical one since the storage terms ¢ also depend on the internal-variables, which is usually not the
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case for inelastic materials. In the data-driven approach, n can serve as an indicator in time for the selection of
the conjugate quantities, hence capturing the history-dependent behavior efficiently. On the other hand, if instead
of an enriched-continuum, the standard transient computational homogenization scheme [4] would be used for
the data-driven approach, there would be no internal-variables 7 at the macro-scale. Instead, it would require the
storage of the complete history of the discrete microscopic fields p(z), for the corresponding macroscopic quantities
(it, ¢, g, J) together with the data. The data-search stage would then consist of searching through the entire history
of the discrete microscopic fields y up to a given time 7. This would consume an enormous amount of computer
resources for data-generation, data-storage, and data-search. Hence, the extraction of an enrichment-variable like
quantity through the model reduction at the micro-scale is a crucial step towards an efficient data-driven solver
for transient diffusion problems in heterogeneous materials. In the next section, the data-driven homogenization for
transient diffusion problems with history effects is formally derived.

3. Data-driven reduced homogenization

In this section, the data-driven reduced homogenization is derived for transient diffusion problems with history
effects at the macro-scale. First, the notions of data-set and phase-space are presented. Then, a specific class of
data-driven solver, i.e. a distance minimizing data-driven solver, is chosen for the current implementation, which
results in a double minimization of the distance function. Next, the solution procedure using a staggered scheme is
presented and finally, each step involved of the data-driven simulation algorithm.

For the sake of simplicity, a temporally and spatially discrete macroscopic problem is considered. The time is
discretized by backward-Euler scheme, in which a rate term F can be approximated by

. ]:n-&-] _Fn

F = A @)
where At = "*! — " is the time increment between the current "+ and previous ¢" time instance. Spatial
discretization of the domain {2 is performed by finite elements containing m = 1,2, ..., M material (integration)
points and i = 1,2, ..., N nodes. The notations and terminologies adopted here, follow from [16,28].

3.1. Data-set and phase-space

The data-driven reduced homogenization relies on a data-set generated by micro-scale reduced-order simulations.
The choice of the macroscopic quantities to be stored in the data-set depends on the expressions of the constitutive
Egs. (4)—(6) and the data extracted from the micro-scale simulations. Here, we choose to store all quantities and
their rates (except for the flux rate). The local data-set

Y Y Y ’ ) "tdp

Dm:{(“m’“m’gm’gm’ﬂm’ﬂm ’-]m’cm’cm>]1=1’ (8)
is available at each material point m of the macroscopic discrete model. In present work, the data-set D,, is constant
in time, examples of temporally evolving data-sets i.e. D"*! can be found in [16]. In (8) the prime o' denotes a
quantity that belongs to the data-set D,,. Without any prime the quantity belongs to the physical state. I represents
a data-point post-processed at each time-step from the micro-scale simulations and ng4, is the total number of
data-points. It should be noted that after the data-generation stage the homogenization model is disregarded, and
thereafter data-driven problems solely rely on the data at hand collected in (8). The local data-sets D,,, in general,
can be different for each macroscopic material point m. Collectively, from all the material points, the total number
of data-sets available in a discrete system represent a global data-set

D=D  xDyx---xX Du. 9

The physical-state of the material at the homogenized macro-scale can be characterized by a point in the local
phase-space Z"+!

- n+1
+1 _ = _ : . < - = +1
Z:;, = (va Mms 8m>s gms]lms]lm’ vacmvcm) GZ::,L ) (10)
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evolving in time, whereby the dimensions of the phase-space are dim(Z"™') = R! x R! x R x R x RN x
RN x R* x R! x R!, in which sd is the spatial dimension of the problem under consideration. Once combined,
all the local states z*! make up the global physical-state

n+l - - Conoo s \TM 1
Z = {(MH’U MI’I’!’ ng gm’ ﬂma va Jm»cn’h Cm) } e Z ’ (11)

m=1

in the global phase-space Z"*! = Z :’“ X Z;“ X e X Zjl\j ! The physical-state of the material z"*" at the macro-scale

should obey the macroscopic compatibility and the discrete macroscopic mass balance laws at each time instance
tn+1.

For each material point, in an element of the discretized macroscopic domain, the compatibility is expressed in

terms of the discretized macroscopic chemical potential, defined at the nodes /L”H as

—n+l ZVle Tans 12)

The macroscopic mass balance (1), once discretized in space and time and after applying the Dirichlet and the
Neumann boundary conditions, reads at each node i and time instance 1 ag

M
— ALY W, VN T+ Z W N (@1 — &y = —Aj" T wherei =1,2,..., N (13)
m=1
In Egs. (12) and (13), w,, contains information regarding quadrature weights and the volume of the elements, VN,,;
is the gradient of finite element shape function N; evaluated at integration point m. Here, for the sake of simplicity of
the notation, the finite element shape functions N; and their gradients V N;, are defined globally on the whole finite
element mesh. Here, it should be noted that the macroscopic flux }'m as well as the concentration ¢,,, in Eq. (13),
are the constitutive quantities which are evaluated at the material points. The primary unknown field is i; defined
on the nodes. This is different from the typical finite element discretization of the mass balance equation in which
usually the concentration field are assumed primary unknown field. Note also that similar expressions could be
obtained by alternative spatial discretization techniques. The compatibility (12) and the terms in the macroscopic
mass balance law (13) are coupled through the data-set D,,. Through this coupling the discretized macroscopic
chemical potential ,u”“ is solved at the nodes. The compatibility (12) and the balance law (13) pose restrictions
on the state z"*! of the material, hence constraining the phase-space Z"*! as

E" = (7" e 2" : compatibility (12) and macroscopic mass balance (13)}. (14)
3.2. Distance minimizing data-driven problem

A distance minimizing data-driven problem, as introduced in [13], seeks a compatible and equilibrated material
physical-state z"*! € E"*! that has a minimum distance to a point in the global data-set D. To work with a distance,
first the local phase-space Z™™! is equipped with a local norm

|Z::l+l| _ [1 ]C (MI’L+1) + 1 ZC (I/Ln+l) + 1 3C (gn+l) + 1 4C (gl’l+1) + 2(nn+1)T ng(g;:j_l)—i_

%( n+1)T 5, (nn+1) +1 7Cm(1ﬁ1+1)2 + % 8C»m(5:;+1)2 1 9cm(—zl+1)z] 2 ’ (15)
where ’ ém with J = 1,2, ..., 9 are the coefficients which non-dimensionalize the measure (15) and do not represent

any material property. The coefficients 3C,, and °C,, are diagonal matrices of size N, x N. The numerical values
of these coefficients are important for the numerical convergence of the data-driven problem and will be discussed
in Section 4.4. Each term in the measure (15) is quadratic, which, under the linear constraints of compatibility and
equilibrium, leads to a convex optimization problem. Then, locally, at the material point level, the distance between
two points y"t1, 1+ e 71 can be measured as

Az, Yty = |22 — yrthy (16)



A. Waseem, T. Heuzé, M.G.D. Geers et al. Computer Methods in Applied Mechanics and Engineering 380 (2021) 113773

The global norm can be obtained by taking squares and integrating the local norms over the entire domain

n+1 (Z wm|zlr7l1+1 ) , (17)

which metrizes the global phase-space Z. Consequently the global distance from a point y"*! € Z"+! to 7"+ € Z"+!
is measured as

1 1 1 1
(T, Yy = [y (18)
The distance minimizing data-driven problem is then written as a double minimization
min ~ min  dE"Ly"™H) = min @ min 4", . (19)
)'"+1€D tlepntl tlepntl yn+l€D

It aims to find a point y"*! in the global data-set D which is closest to a compatible and equilibrated material state
E™*!, or equivalently, find a compatible and equilibrated material state E"*' which is closest to a point y"*! in
global data-set D while both minimizing the global distance function d(z"*!, y*+1).

The double minimization problem (19) is a combination of continuous and discrete optimization problems, the
former over the continuous manifold E"*!, the latter in the discrete data-set D. It has a combinatorial complexity,
since for each material point m contributing to the global distance-function (18), ng4, points can be evaluated and the
minimum should be chosen among those. To efficiently solve this computationally intensive combinatorial problem,
following [26,28], a staggered solution scheme is adopted here which freezes the continuous minimization problem
while solving the discrete one and vice-versa. It assumes at an iteration k the optimum point in the data-set y’“rl eD

to be known and finds a closest state z,’jill € E"! to that data-set point. This first step represents a projection

. * . . .
operation z; | = Py} T!, where Pg.+1 denotes the closest point projection from D onto E"+!.

Subsequently, in turn, the point zZLl can be used to find the closest point in the data-set for the next iteration
yﬁr} = PDZk 11> Where Pp denotes the closest point projection from Z”Jrl onto D. The iterations are continued

until there is no other optimum point in the data-set to choose i.e. PDzk = PDz”H.

3.3. Solution procedure

1 n+l1

Assuming a known minimizing pomt y”+ € D, the projection z; 1| = P+ y’“rl is followed after minimizing

the quadratic distance function dz(. 7+1) subject to the constraints (12) and (13). The compatibility is imposed
directly by introducing the chemical potential field as in Eq. (12) and the discrete mass balance is enforced by using
Lagrange multipliers )Ll'.”" at the nodes. The discrete Lagrangian can be written as

Zn+1=§ |:1 <ZN i n+l>2 126’ <ZN ﬁ,"“ w; _3n+1>2+
2 mi i mi m

m=1 i=1 i=1

N 2 ﬁn+l 'an 2
35 E n+1 n+1 1 475 § i = n+l
C’m VNmt m Cm VNmt - 1. m

i=1 i=1

o=

=

7]n-H _ nn 2
Am
5Con (QZH n:thrl) % 5 <~’”T n:;ﬂ) n

x 2 — * 2 _ EII-H _ * 2
% 7Cm < sn+1 jn111+1> _{_% Scm (E:ln+l _ EnZH_l) 4 % QCm < m yr m E”rlH—l) ]+
N M M
> (—At D W VN - o+ Y wn N @ = &) + At ) ) (20)
i=1 m=1 m=1

where the rate terms in the distance function are approximated using the backward-Euler time discretization
introduced in (7).
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Next, to find the stationarity conditions for all the variables appearing in the discrete Lagrangian (20), it needs to

be perturbed with respect to the admissible fields 81 ™', 8y, 87!, cnt!, AT, These stationarity conditions

are discussed next, one-by-one. The perturbation with respect to the macroscopic chemical potential field ;1:7“
discretized at the nodes, provides,

—n+1
8ﬁ?+1 : 254-&-1 =0
MN . e
Zme[ ( Co + A )ij+VNmi(3Cm+ A;").Vij:|ﬂ;g+1=
m=1 =1
M J./\f 2(—:, 46’
;wm ;[N - Nj + VN —* VNm,] 'y
M
Z m|: Nini( Cmungl+l Cmu“nfllJFI) + VN - (° Cmgn’1hLl Cmg n+1)i| 21

which can be written in a matrix-column form as
att =M A"t 4+ F (22)

Eq. (21) is a transient diffusion equation for f with corresponding bi-linear forms (N,,; @ Ny,;) and (VN,,; ¢ VN,,;)
as the capacity and diffusivity matrices, respectively. The macroscopic chemical potential field u”“ calculated by

K:n

K

*

. * . *
(22), with given (,u SRR g,,y“,gm“) in the forcing term IF”, 1s locally compatible with (,u ol g ntly in

a weak sense and also constrained by the corresponding rate terms (u el gm +1) in the data-set. The Dirichlet
boundary conditions, appearing in Eq. (1), are enforced on the g field, while homogeneous Neumann conditions

are considered on the complementary part of the boundary 3?];.
The perturbation with respect to the enrichment-variables reads

aszr
3 nf’hLl

1

5 nJrl A
(At 3C, + 9C)

=0 — 7,’n+1

|:6C no4 At SCmnn+1 + At 6cmn:;1+li| , (23)

which means that locally n/,t' should be consistent with nf;f ! and its rate r)f;f !, present in the data-set. Since 1,,

does not appear in the macroscopic balance equation (13) there are no Lagrange multipliers A"*! in (23); Nm 18
connected to the other physical-state variables via the data-set only.
The perturbation with respect to the macroscopic mass flux yields

_-n+1 8Zn+] “n+1 f n+1 1 Y Fn+l
Sin! s =0 = I = +At—78 D VNt (24)
m m o i—1

which states that the difference between the local macroscopic mass flux J”“ and its counterpart in the data-set
*

J 1 at iteration k, should be balanced through the Lagrange multipliers field A;’+1. The perturbation with respect
to the macroscopic concentration can be written as

—n+1
oL
-n+1 . _
8¢, 85;'”“ =0 =
-n+1 __ 1

N
C = 9Cmc” + At CmC,,’:Jrl + At QC Cm n+1 — At NmiX’-H_l s 25
" T ARG, 9cm>[ 2Nk 2

i=1

which gives a local macroscopic concentration field c,’,‘j’l consistent with (c ntl G HZ‘“) in the data-set, whereby the

difference is rectified by the Lagrange multipliers field k;‘“.
8
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Finally, taking the variation with respect to the Lagrange multiplier field )_Ll”l amounts to

—n+1 M
_ oL Zn
ST e =0 = —At Y w, VN i+ § :wm Nui@H =&y + At =0, (26)
i m=1

which is the balance between the internal and the external macroscopic mass fluxes at the nodes. Substituting the
expressions of j ,’;H and ¢! from Egs. (24) (25) into Eq. (26) and performing some straight forward manipulations
provides the system of equations for the Lagrange multiplier field )J’H as follows

M
I
—APY W VN = Y VNI = A0 Y w Ny 3 N,y i =
o B~ S 3
M . -
At ZmeN,,,,- Gm— At
m=1
M 1 e ~ s
= N (e [ A1 $Cun + T+ At Cin| - ) @7
— At 8C,, + °C,,

which in the matrix-column form can be written as

Kiinﬂ — E,’i ) (28)
In Egs. (24)—(28), the Lagrange multiplier field can be interpreted as an equivalent macroscopic chemical potential
which minimizes the dlfference between the physical-state (j*', &"+!) and the point (j,"*! 2,,{”" ZL,,;’“) in the

data-set, which are present in E’\. In Eq. (28), the Lagrange multiplier field is subject to )»l’.“’l =0ondf 4 and there

is an influx of mass j, which is zero, at the Neumann part of the boundary that naturally appears in the system
of equations through the weak form (13). For a variational formulation and a detailed discussion on the boundary
conditions on the fields appearing in the data-driven problems, the reader is directed to [26].

n+1

In a staggered approach, after solving for 1" and 2"+ from Egs. (22) and (28), the projection zZﬂ = Pgnti ;’}(“

can be obtained by evaluating 77”“, J"+1 and ¢! from (23), (24) and (25), respectively. The subsequent projection

m

yZI} = PDZZI} is achieved by a simple search through the data to find a point in the global data-set D which

provides the minimum distance to zZill, as discussed in more detail in the next section.
3.4. Algorithm

The pseudo algorithm for distance minimizing data-driven reduced homogenization is shown in Algorithm 1.
The data-driven solver initializes with setting the maximum number of allowed iterations max I ter, the data-driven
iteration counter k, the allowed tolerance rol and the time stepping variable n. An initial guess for the optimum
y,’ZJrl € D is made. In the preliminary work [13], y ”+1 was initialized by assigning randomly a point in the D,, to

each material point m. However, it was observed that an initial guess of y”Jrl = 0 requires less number of iterations
to converge to the desired tolerance, both for steady-state and transient problems.
Unlike material model based finite element solvers, independently of the existence of a potential non-linearity

in the material behavior, the distance minimizing data-driven solver requires the assembly of the matrices K*, K*
and M* only once. For a specific physical phenomenon under consideration, for instance elasticity, diffusion, or
history-dependent materials, the same solver can be used for different materials and different data-sets. Then, in
the time stepping and data-driven loops, first the pertinent /2"“ and A"*! problems are solved. In the current
formulation these two problems, (22) and (28), are algebraically independent, the only coupling is through the
data-set D. However, in some other data-driven problems, as can be seen in the case of dynamics [14] and transient
Fickian diffusion [26] (formulated in concentrations), a coupled system of equations emerges after taking variations
of the Lagrangian.

Next, at the material point level the pI‘O]eCtIOH zm k +1 = PEn+1ym+1 is performed It involves evaluating the
physical-state of the material zm k 1 = Wms B> s &ms Mms nm, Jms Cm>s cm)k 11, from the previously calculated

9
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Algorithm 1: Distance minimizing data-driven reduced homogenization.
» Initialize: maxlter = 100, k = 0, 1ol = 1072, n = 1 ;

> Assign: yit =0

[£3

» Assemble: K7, K*, M#”, ¥ and E} ;
for n=0— T do
while k < maxlter do

> Solve: KAt} =My, +E¢ (22) and K*2rH = F} (28) 5
form =1—-> M do

*
» Evaluate: zﬁ,{lﬂ = Pgriyat' s

>~

1 1 1
» Choose: y,,’,’*kil— Ppz)te such that d, (2. yn’jﬂrl) < du(@ 1 D) s

1 1
» Integrate: d(z,’ZI, , y’,ﬁﬁ) from d,, (2,1 vl

» Assemble: lEkH and lEkH using ka ;
end
if abs (d(zL], it — A, 5E) < rol then
‘ » Terminate ;

else
| »k=k+1;
end
end
end
yZH , ;EZI} and LZI: The local values of i) k 41 are evaluated by interpolating j ,ul k +1 using the finite element shape
functions Ny, gty +1 is computed by using compatlblllty (12), wh11e j,fkl 1 jm rs1 and ¢, +1 are calculated by

(23), (24) and (25), respectively and their rates (/,Lm, gm, Qm’ cm)k i using the approximation in (7).

The global distance function (18) is minimized by finding the minima of the local distance function (16), using
all the points in the local data-set D,,, at each material point m, and then integrating it using numerical quadrature.
The minimum for the local distance function (16) is found through a simple lookup array search algorithm, which
amounts to performing the projection ym = PDZ;’”T,CI +1- Searching through the data-set D,, is the computationally
expensive part of data-driven algorithm. If the data-set is large enough, a smart search algorithm, for instance,
based on a tree search algorithm [29], sllould be used to accelerate this step. Then, using the newly found values

of ;,}Z*k'il , the flux columns F}., | and F},, are assembled. Finally, the convergence is checked and the iterations
are terminated if there is no change in the optimum data point. When the data-set is perfect, i.e. it contains all
the required points to the corresponding states in the phase-space for a given spatial and temporal discretization
and boundary conditions, the data-driven solver should be able to find a point in the data-set which matches the
point in the phase-space exactly In that case, the convergence (or stop) criteria can be set as the distance function
approaching zero, i.e. d (zZﬂ, yZi}) — 0. However, when the data is noisy or incomplete, the distance function might
not approach zero and may stagnate, after some iterations, at a certain minimum value. In that case, the convergence
criteria based on the stagnation of the global distance function, that is abs(d (zZﬂ y,’{’f_ H—d (Z"+1 ”H)) <tol as
given in Algorithm 1, can be used to terminate the data-driven iterations, where abs(e) is the absolute value.

4. Numerical examples

In this section, the proposed framework for data-driven reduced homogenization for transient diffusion problems
with history effects is illustrated through numerical examples. First, the problem settings are presented for the micro-
scale and the macro-scale. Next, the data-generation step is performed by loading the micro-scale, post-processing,

10
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and storing the relevant quantities. After that, the data-driven simulations are carried out, whereby the homogenized
chemical potential fields obtained by the data-driven approach are compared with the ones obtained by the regular
enriched-continuum formulation. Information from the reduced micro-scale model is used to select the coefficients
in the distance function. The micro-scale chemical potential fields are post-processed and also compared. The
performance of the data-driven approach using noisy and different data-sets is also analyzed. Finally, a convergence
analysis, with respect to the number of points in the data-set, is carried out.

4.1. Problem settings: Micro-scale and macro-scale

4.1.1. Micro-scale

The micro-scale consists of a two-dimensional square unit-cell with side length ¢ and a single circular inclusion
of diameter d embedded in a matrix. The material properties and linear constitutive material models for the inclusion
and the matrix are assumed to be known and complying with the relaxed separation of scales regime (t,, K t; ~ T).
Same chemical modulus A is assumed for both the inclusion and the matrix. It is not a requirement but rather a
convenience for implementing the down-scaling relations i = (i) and Vi = (V) by fixing a point at the micro-
scale, for more details about implementation see [8]. Lagrange multipliers, as discussed in [30] for elastodynamics
problems, can be used to implement the down-scaling relations with different storage terms (here A) for inclusion
and matrix. Specific type of boundary conditions are used to fulfill the up-scaling relations, i.e. equivalence of
virtual power. The most common ones are (i) zero micro-fluctuation and (ii) periodic micro-fluctuation boundary
conditions. In this work, a two-dimensional micro-scale unit-cell attached to a one-dimensional macro-scale, as
shown in Fig. I, represents a slab in an infinite vertical stack of uni-cells and hence periodic micro-fluctuation
boundary condition is an obvious choice. The unit-cell is discretized with nearly 4400 linear triangular elements
and 2200 nodes. The material properties and other parameters used in the simulations are listed in Table 1. After
the assembly of the finite element system and application of the periodic boundary conditions, at the micro-scale,
an eigenvalue problem is solved for the smallest 100 eigenvalues o and eigenvectors @. Next, a criterion based
on either the energy consistency or coupling terms, as proposed in [8,12], is used to select a limited number (N,)
eigenmodes that contribute most, in terms of transient effects, to the macro-scale response. For the unit-cell with a
single inclusion, as shown in Fig. 1, and the material properties given in Table 1, the selection criteria based on the
coupling terms provides 6 important eigenvectors as a reduced basis set, see [27] for more details and the contour

plots of the selected eigenvectors. Finally, the homogenized coefficients (@, a B,¢,C.d d e, f, f) are determined
and stored [8]. The values for the first components of these coefficients can be found in Table 2. Note that, even
though the macro-scale considered here is a one-dimensional domain, a two-dimensional micro-scale problem has
to be solved to obtain the required values of the homogenized coefficients, since in a one-dimensional micro-scale
domain the diffusion around the inclusion cannot be represented at the macro-scale through homogenization. The
reduced order model (4)—(6) is now ready for the data-generation stage.

4.1.2. Macro-scale

The homogenized macroscopic domain §2, both for the enriched-continuum and the data-driven simulations, is
a one-dimensional bar of length L with a Dirichlet boundary condition on 92; on the left side of the domain
and Neumann no-flux boundary condition on the right side of the domain. It is discretized with 50 linear one-
dimensional finite elements, unless stated otherwise, which are integrated using a two-point Gauss quadrature rule.
For consistency, in the following the vectorial/tensorial quantities in one-dimension are still shown with a tensorial
notation. Total loading time is chosen to be T = 0.17; [s] and both the enriched-continuum and the data-driven
problems are discretized in time using the backward-Euler time integration scheme. The reference time step size
At is taken to be Ar = T x 1073 [s]. In a data-driven solver, the time step size can also be obtained based on

I+l

a term and its rate present in the data-set, for example Ar = ””’l,—;, For the macro-scale simulations, the ramp
loading conditions

a +1 1) = ,umdx, if t < T (loading) on 8?2,; (29)

Mmax Tr <t < T (relaxation)

are used on the Dirichlet part of the macroscopic boundary Bﬁﬂ, where fimax = A(cmax — €o) is the maximum
attainable chemical potential during mass diffusion and Tx = 7' /2. The first part of the ramp till T represents a
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Table 1

Default parameters used in the simulations.
Parameter Symbol Value Units
Micro-scale
Characteristic unit-cell length 4 1x1072 [m]
Inclusion diameter d 0.6 x 1072 [m]
Mobility in matrix M, 1.1x 1074 [mol?2 J=! m~! s71)
Mobility in inclusion M; 1.85 x 107° mol? J=! m~! s~1]
Reference temperature 6o 298 [K]
Boltzmann’s constant kp 8.314 I K! mol_l]
Maximum concentration Crmax 24161 [mol m—3]
Minimum concentration co 0.0547 cax [mol m™3]
Chemical modulus A = kpbo/co 1.83 [J m?® mol—2]
Characteristic diffusion time of inclusion T; dz/M,-A = 36000 [s]
Characteristic diffusion time of matrix Tn Zz/MmA =1.69 [s]
Number of nodes in unit-cell mesh ~22x10°
Macro-scale
Macroscopic domain length L 100 x 1072 [m]
Total simulation time T T 0.1t [s]
Number of elements (reference) 50
Number of nodes (reference) N 51
Time step size At T x 1073 [s]
Data-driven solver
Number of data points Nap 1000
Maximum number iterations maxIter 100
Tolerance for the termination criteria tol 1012

Table 2

The values of the coefficients appearing in Eqs. (5) and (6), for the unit-cell shown in Fig. 1 with geometrical
and material parameters given in Table I, A, indicates the (¢) component of the tensor A.

Coefficient E}; E(]]) C(1) 6(11) in Eq. (5)
Units [mol m2 s_'] [J_l mol? m™! s71 [J_1 mol? m_2] (! mol? m_l]

Value 1.3 x 1077 0.6 x 1074 1.3x 1078 0.6 x 1073

Coefficient ~ d e f fo in Eq. (6)
Units [mol m™3 s7!] 7! mol? m™2 s (07! mol? m3 ] (07! mol? m™2]

Value —33.46 —0.6 x 10716 0.534 —0.13 x 1077

loading path and the second part from Ty to T represents a relaxation path. The data-driven reduced homogenization
solver is initialized with an initial guess y/*! = 0 and the stagnation criteria ld(z} 1, ity — At yith) < tol
is used to terminate the iterations of the staggered scheme. The numerical solution of the enriched-continuum

formulation at the macro-scale is used as a reference solution.
4.2. Data-generation from micro-scale simulations

4.2.1. Input generation (u"*!, gn+l)

To obtain the data-set D representative of the problem, the data-generation involves micro-scale simulations,
ideally with all possible loading scenarios. In practice, a wide spectrum of loading conditions, i.e. "' and g"*!
with varying magnitudes and frequencies, may be needed when a stand-alone micro-scale problem is considered.
In the current work, for the validation of the proposed data-driven solver, the loading conditions (@i"*!, g"*1) are
obtained via a post-processing, at the first Gauss quadrature point of each element and at each time step #"*!, of the
solution of the enriched-continuum problem with different loading conditions, given in Table 3. As an example, the

outcome for the ramp loading condition (31) is shown in Fig. 2. In this case, i and g"+! are connected through
12
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Macroscopic Domain 0
N}v)(XXXXXXXX//)rXXXXXXXXXX

00 % Gauss quadrature point: &,,

l.— @ Unit-Cell

Nodes: Z;

Fig. 1. The macroscopic domain {2 with a prescribed macroscopic chemical potential i1, at the Dirichlet part of the boundary Bﬁﬁ, and

zero-flux j = 0 at the Neumann part of the boundary 3?27. The finite elements nodes are shown with gray circles. The Gauss quadrature
points, where the data-set D,, is available, are shown with blue crosses. The unit-cell from which the reduced order model and the data-set
are obtained is also shown: the light-gray part of the unit-cell is the matrix material while the dark gray is the inclusion material.
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Fig. 2. (a) Local macroscopic chemical potential field ;lj;,*'] and (b) local gradient of macroscopic chemical potential field gt 1(t) to be

used as the input for the micro-scale data-generation step. These are post-processed, from the solution of the enriched-continuum problem,
at the first Gauss quadrature point of every element in the macroscopic domain loaded with the ramp condition (31). The dark black line
represents [L’;frl and gnt ! at a reference macroscopic point %, which will be used to compare the local elemental quantities. The dashed
blue line is at a reference time 7 = 0.55T at which the global quantities, at the nodes, will be compared.

the macroscopic initial boundary value problem (1) and each f”™! graph in Fig. 2(a) corresponds to a graph of
2" in Fig. 2(b), collectively representing an input in time to the micro-scale reduced problem (4). The ramp
effect smooths out as xX,, — L, as indicated by the red arrow, which provides different magnitudes and types of
loading conditions for the micro-scale problems. In the following, local quantities of interest, such as macroscopic
mass-flux ]Z“ and the rate of change of macroscopic concentration 5;’,[“ will be compared, for the data-driven and
the full enriched-continuum solution will be made, at a reference point J%'m, located at the first Gauss quadrature
point of the tenth element, which is indicated with a dark black line in Fig. 2. The global quantities, for example the
macroscopic chemical potential field /1;’“ at the nodes will be compared at a time instance T = 0.55T as shown

with a dashed blue line in Fig. 2.

4.2.2. Data-generation
s . ~n+l Sn+l1 :

The data-generation is performed by solving the reduced model (4)—(6), for /7 (¢) and g/ (¢) computed in
the previous section, with the time discretization performed using the approximation in Eq. (7). The data is stored
in a local data-set

- E — - . = - K ng
Dm = {(l’l’:/na M:n’ g;yp gl/n’ 1]},117 Qm/y J:/na C,/n’ c,’n)}]:p] (30)

In current work, for the data-driven simulations the same local data-set D,, is available to all the material points
ie. D = Dy = --- = Dyy; in general, a different data-set can be available for each material point.

As stated before, the selection criteria for the dominant eigenvectors, as proposed in [8,12], provide /\fq = 6 for
the considered unit-cell. It turns out, however, that out of these six, only one eigenvalue has the largest contribution

to the lagging behavior at the macro-scale. This can be verified from the time evolution of nﬁ,‘,’ L and nf,? ol ot XA’,,,,
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Fig. 3. (a) Time evolution of the enrichment-variables 7@-"+1(r) and (b) their rates 77”“ at the reference macroscopic point ,%m. For the
unit-cell shown in Fig. 1, the eigenvalue and the corresponding eigenvector corresponding to n")"*! are dominant one.

Table 3
Names, expressions, graphs of the macroscopic loading conditions, symbols and the number of data-points ny),
for different data-sets used in present study.

Name Loading condition expression I p“(t) Graph Data-Set  ngp

tT ~ : ,
o lmax, if 1 <T, i

Ramp ey = { Tehme =k ay Dx 1000
Mmax otherwise .

where T = T/2

Hmax
Sine A1) = fima sin(o1) 32) QL Dy 1000
-

where w =27 /T

Jtmax
Ramp + Sine (31) and (32) i @ D(r+s) 2000

"0 Tr T

, if t <T
Ramp & Sine  ji1(1) = 7 Fomas R 33) e Disy 1000
L Fax sin(ot) 4 & T2 otherwise

00 7% T
where Tp = T/7 and w =27 /(T — Tg)

as shown in Fig. 3. Therefore, it has been chosen to use only n{)"*! and 5#(D"*! in the data-driven calculations to
capture the history-dependent response. The different loading conditions (Table 3) have provided different data-sets
which are indexed as listed in Table 3. The number of data-points ng, = T/At + 1 are also given in the table.
After the data-generation stage, the information about the micro-scale must be discarded, as the data-driven solver
should only rely on the raw data.

Pairs (g7+!, joth), (ant!, ¢ntly and (it gDt Ently in D are visualized in Fig. 4(a), (b) and (c),
respectively. The pairs (g%, ‘]Z_H) show a negative linear behavior that is independent of the loading path, which
indicates that the history effects are not prominent in the diffusion contribution at the macro-scale and can also
be sufficiently accurately calculated by the standard volume averaging of the Fickian diffusion behavior at the
micro-scale. However, a prominent history dependence and non-Fickian behavior can be observed in the graphs of
([Lj;j' I "+‘) where there is neither a linear nor logarithmic relation between ,u’”rl and c’”rl at the macro-scale.
This can also be observed in (ji":t', nD"+1, &+1) eraph, which clearly indicates that the history effect emerges
from the storage/capacitance term at the macro-scale and can be tracked by the internal-variable 7)"*1. A correct
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Fig. 4. From the data-set D, the pairs (a) (g”“, ]m“) (b) (p."“, _"“) and (c) (,uﬁfl, USr:)n-H, .;}IH) are visualized.
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Fig. 5. Comparison between the macroscopic chemical potential fields obtained via enriched continuum formulation _”H

(reference), shown
with the gray line, and the data-driven reduced homogenization /JL’Z';rl using Dpg, shown with the blue line, at time step T. The microscopic
chemical potential fields pL"“ 1 are post-processed at x; = 0.6842 [m]. The marker is plotted at every tenth node of the finite

element mesh.

and u'p,

i+l at a spatial point X, and time #"*!, selected by the projection ym k+1— Ppz"t!

value of 7, ka1 will direct the
other quantities, in the data-set D,,, to be either in the loading or the relaxation path, hence keeping track of the
history effects. Next, the macroscopic chemical potential field & and the microscopic chemical potential fields
obtained from the data-driven reduced homogenization and the enriched-continuum formulation will be compared

to provide an indication of the performance of the data-driven approach.
4.3. Homogenized and microscopic fields

In this section, the developed data-driven reduced homogenization is verified using the data-set D generated
from the enriched-continuum problem, with the same loading condition (31) as it is used for the data-driven initial
boundary value problem. In this scenario, the data-set can be assumed to be ideal and if the data-driven problem
is formulated correctly, both, the enriched-continuum and the data-driven solutions must match very accurately. In
Fig. 5, the macroscopic chemical potential field at time T obtained by the enriched-continuum formulation ,u"“
(reference) is shown with the gray line, while the one obtained by the proposed data-driven reduced homogemzatlon

method [ip using the data-set Dg is shown with the blue line. It can be observed that ,u"“ and ,u”“ lie on top

of each other. The micro-scale chemical potential fields u”“

X1 = 0.6842 [m] using
et = St + gitt - Axw) + V0l (34)

m

and l,fD , shown in Fig. 6, are post-processed at

where S is the Schur-complement of the microscopic finite element matrices, [ is a column of ones and Ax,, is
the microscopic position vector connecting the spatial coordinates to the center of the unit-cell. For more details
on the post-processing of the microscopic field w,, by using (34) the reader is referred to [8]. The post-processed
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Fig. 6. Microscopic chemical potential fields ,u"“ and ;L’;)H using Dg data-set post-processed at time T and ¥, = 0.6842[m] using Eq. (34).

microscopic fields also reveal an excellent agreement with the reference simulation where the maximum of the
absolute error is of the order of 10!, To obtain these results, the values of the coefficients /C,, were chosen based
on the information available from the micro-scale, as will be detailed next.

4.4. Numerical values of the coefficients *C,y,

In the data-driven simulations, the coefficients /C,, in the norm (15) used in the distance function (18) serve
two purposes, one is to non-dimensionalize the distance function and second is to give different weights to the
parts of the distance function. In a data-set with a large number of data points 7n4,, the influence of the coefficients
/C,, is insignificant [31]. However, these coefficients play a crucial role when the data-set has a finite number of
data points and if there are inconsistencies in the data-set such as presence of noise or missing points. In a one
dimensional problem i.e. sd = 1, the solution of the data-driven reduced homogenization exists on a manifold in
a 7 4+ 2N, dimensional space, which is computationally intractable to fill in completely. Instead, in data-driven
simulations, sparse data-sets are used and the coefficients in the distance function should be selected carefully to
achieve minimum error with a limited number of iterations.

The total number of coefficients can be reduced by grouping them according to their “classical” thermodynamic
conjugacy. In the norm (15) (jiy, &) and & }'m) are the conjugate quantities. The coefficient which goes along
with one of the conjugate quantities should be equal to the inverse of the other. Some entries of the diagonal
matrices °C,, and °C,, can be neglected if the activity of a particular enrichment-variable n(") "+ and its rate
nfﬂ) “*1is smaller than that of the other enrichment variables.

The values for these coefficients can be selected by using the information, if available, from the micro-scale
calculations. The coefficients which go along with the macroscopic variables appearing in the distance function, are
selected to be equal to the corresponding coupling terms for the respective macroscopic variable in the macroscopic
constitutive Egs. (5) and (6). The coefficients whose corresponding macroscopic variables do not appear in Egs. (5)
and (6) and the ones with an insignificant value, as compared to the other coefficients, are chosen to be zero.
However, a zero weight in the norm (15) eliminates the influence of the corresponding term on the physics of the
problem, care must be taken while setting a coefficient equal to zero. For example, data-driven solution might not
be representative of a time-dependent mass diffusion if the coefficient °C,, corresponding to ¢ is zero. Moreover, the
stationarity conditions (21)—(28) also have constraints on which variable can be set to zero. According to (21) the
coefficients 'C,,, 2C, ° Cm and *C,, cannot be set to zero simultaneously. Eqs. (23) and (25), respectively, restrict
(SCm, m) and (SCm, m) to be zero simultaneously. Also, Eq. (24) do not allow 7Cm to be zero. The values for
these coefficients used in the simulations are given in Table 4.

To test the selected values of the coefficients, the data-driven simulations were conducted with the data-sets
D(r+s) and D(R+S), where D(R+s) is obtained by adding Gaussian noise to D(g.s) with signal-to-noise ratio of 30.
The relative L,-error norm, between the chemical potential fields u”“ and ;L”H is compared. Both, the data-driven
problem and the enriched-continuum problem are actuated by the default boundary condition (29). The results are
shown in Figs. 12-15 in Appendices A and B. It can be observed, that the values of the coefficients selected as
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Table 4
The values of the coefficients appearing in the norm (15) distance function (18).
Coefficient Value Units

o 0 7" mol m=3 s71)
2C,, 0.534 (77! mol m™3 s]
3Ch 0.6 x 107 (=" mol m™! 571
4Com 0 7Y mol m™! ]
sely 0 [7 mol=! m=3 s71]
5Ci’ 33.46 [0 mol~! m~? s]
7Cp, 1666 [J mol=3 m s]

8Com 0 [J mol=3 m3 s7!]
°Cp 1.872 [J mol™3 m? s]

25 -2 -1 5 -1 -0.5 0

g, [Jmol™'m™ 404
(a)

Fig. 7. The white Gaussian noise, with the signal-to-noise ratio of 30, was added to the original data-set. From the noisy data-set Dr, (a)

the pair (g, }m *1) and (b) the pair (/Jc,n"*' F,Dntl & ntly are shown with blue circular markers on top of the corresponding points
in the original data-set Dg, shown with light gray lines. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

proposed above (the black lines in the Figures), for most of the cases, yield the smallest values of the relative
Ly-error norms. Also, less iterations k are required for the convergence of the staggered scheme. Similar trends
have been seen using different data-sets with different number of data points n4, (not shown here for brevity).

4.5. Noisy data-set
Uncertainties during the data-generation steps may result in a noisy data-set, which can affect the final result and

the convergence of a data-driven solver. To analyze how the proposed data-driven solver behaves in the presence
of the noise in the data, a white Gaussian noise, with a signal-to-noise ratio of 30, is added to each element of the

original data-sets D,, which results in a data-sets with noise D,, = {(ﬁ,,{, ,&,,{, En;, §,,;, n’ n ]m, el ém)},d” For
the pairs (g”“, Jm“) and (u"“ 1'7(1)’”“ c”“) in the data-set Dy the noise in the data is shown in Fig. 7.
As can be seen in Fig. 8, the relative L,-error between the macroscopic chemical potential fields /L”+1 and /Z”DH

increases with the addition of noise in the data-set. However, with the amount of added noise, this error is still
reasonably small, see Fig. 8(a). The data-driven reduced homogenization also captures the local quantities adequately
in the presence of noise as can be seen in Fig. 8(b) and (c), where the time evolutions of the macroscoplc mass flux
ijl“ and the macroscopic concentration c,’,’f' are evaluated at the macroscopic reference point X,, computed with
the noisy and original data-sets. Different values of the coefficient /C,, in the distance function were also checked
with the noisy data-set D(g4s), see Figs. 14 and 15 in Appendix B. In that case, the relative L,-error increases but

there are less differences in the relative L,-error for different values of the coefficients, which indicates that in the
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Fig. 8. Comparison between the results for the original data-set D (gray) and the noisy data-set 5R (blue) (a) Time evolution of the

relative Lj-error for the macroscopic chemical potential 2"l (b) macroscopic mass flux j:’n"'l and (c) macroscopic concentration E}},*'].

(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

presence of noise the influence of the value of the coefficient is less significant. However, the coefficients /C,, still
play an essential role in terms of the convergence towards the expected solution.

To reduce the effect of noise in a data-set and obtain smoother fields, a regression can be performed on
neighboring data-points [32]. Noisy data-sets with significant outliers may create a larger problem. In that case,
clustering techniques can be used, as proposed in [14]. In the presence of noise, and considering the way in which
the data-set is generated, there is a chance that the first and second laws of thermodynamics are not strictly obeyed.
To circumvent this problem, [33] formulated the problem in GENERIC framework to guarantee the thermodynamic
consistency in data-driven computations.

4.6. Different data-sets

For convergence of the data-driven procedure towards a true solution, data-sets used in the simulations should
include the states (and their histories) representative for the problem under consideration. To achieve this, a general
data-set can be generated by loading the stand-alone micro-scale problem with a complete range of inputs and
different loading conditions with different rates. In the following, the performance of the proposed data-driven
reduced homogenization is studied on an example where the data-set is obtained under another loading than the
final data-driven problem is solved for. To this end the data-set Dy that is obtained by post-processing the enriched-
continuum results with a sine loading, as given in Table 3, is used to solve the problem under the ramp loading
(29). This provides a challenging test case, because there are (non-physical) negative values of i present in the
data-set, which do not appear in the solution of the problem with ramp loading. Also the time evolution of the state
variables is different from the one present in the data. The results of this analysis are shown in Fig. 9.

In this case, the data-driven algorithm is still able to select the representative state z""!, for which the macroscopic
mass flux }';‘1“ and the macroscopic concentration ¢!, evaluated at the reference macroscopic point X, are shown
in Fig. 9(b) and (c), respectively. There is an increase in the relative L,-error, as shown in Fig. 9(a), when Dy is
used instead of Dy and an even larger increase in the case of the noisy data-set Ds. Here, Dy is obtained by
adding white Gaussian noise, with signal-to-noise ratio of 30, to the data-set Dg. Reversely, the data-sets Dg and
Dy cannot be used for the macroscopic initial boundary value problem under sine loading conditions at all, since
the negative values are not present in these data-sets. Therefore this analysis is not presented here.

4.7. Convergence analysis

The convergence of the proposed data-driven reduced homogenization method with respect to the increase in the
number of data-points ng, = T/ At+1 is analyzed here. The data-sets D(rs), generated by the loading condition (33),
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Fig. 9. The comparison of the solutions of the data-driven initial boundary value problem with the ramp loading condition (29) using data-sets
Dp shown in black, Dg shown in gray and Dgs shown in blue. The time evolution of (a) the relative Ly-error norm, (b) macroscopic mass
flux jfn“ at x,, and (c) the macroscopic concentration Efn“ at x,,. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 10. The convergence analysis of the proposed data-driven reduced homogenization upon increasing in the data-set size D(ggs) (gray

line) and 5( rs) (blue line). ,EL’})H is calculated with data-driven approach and ,EL%H is calculated with the enriched-continuum approach. (For

interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

and B(Rs), with added noise to D(rs), were used in this regard to solve the macroscopic problem with the ramp
loading conditions (29). As observed in Fig. 10, the increase in the number of data points ng4, in the data-set
decreases the time averaged relative L,-error for both the noisy and noiseless data-sets, where, the noisy data-set
5( rs) reveals higher errors than the noiseless data-set Dgs). After a certain data-set coverage, in this case ng, = 10%,
the error first reaches a plateau and then slightly increases. This behavior suggests, that, for the problem at hand,
the data-set D(gs) has reached its saturation at ng, = 10% and that it is incomplete by construction, since it does
not contain the data-points from all the possible loading conditions with different frequencies. Even with a data-set
containing the reference solution, the staggered scheme, adopted for the solution of the double-minimization problem
(19), may converge to a local minimum. For an algorithm able to seek the global minimum, see [32]. Next, the
computational costs incurred by the proposed data-driven reduced homogenization are presented with respect to the
refined spatial and temporal meshes, larger data-sets and increasing the number of enrichment-variables.
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Fig. 11. Computational cost of the proposed data-driven reduced homogenization method with (a) number of elements at the macro-scale,
(b) the time step size At, (c) number of data-points ny, and (d) the number of enrichment-variables n@,

4.8. Computational cost

Fig. 11 presents the computational costs associated with the proposed method using a computer with a Core-i7
4.4 GHz processor and 16 Gb memory. Only one variable under consideration is changed at a time and all the other
parameters are set to default, as provided in Table 1. The computational time increases with the refined mesh (spatial
and temporal), number of data-points n4, and the number of reduced bases 7. As the number of data-points 74,
increases, the data-driven problem becomes computationally more expensive because the lookup search through an
array of distance functions in a large data-set is required at each iteration. Similar to the observation in [13], the
number of iterations also increases with an increase in the number of data-points. In a large dimensional phase-space
z"+1 such as used here, computationally efficient search schemes, may help to reduce the overall CPU time [34],
e.g. a tree search algorithm [29]. For the micro-structure under consideration, as shown in Fig. I, where the total
number of reduced bases to adequately represent the micro-scale inertia effects is only six, the computational costs
do not increase substantially as the number of reduced bases n@’ are increased. By increasing the number of reduced
bases, the number of data-points are not increased drastically but number of the quantities in the data-set (8) and
the dimension of the phase-space (10) are increased. It should be noted that these simulations were performed for
a one-dimensional macroscopic problem, the data-driven formulation is expected to become even more expensive
in a two- or a three-dimensional case.

In this paper, the enriched-continuum formulation is only used to generate the data-sets for the data-driven
method. The iterative nature of the staggered scheme and the search through the data-set render the data-driven
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problem more expensive than the enriched-continuum. On the other hand, the enriched-continuum formulation is
restricted to linear material models. The data-driven method can prove to be computationally more efficient than
the classical homogenization method (without reduction) in the case of a non-linear material behavior where a
closed-form enriched-continuum formulation might not be feasible. This paper provides the basis for that extension
relying on the fact that the data-driven solver does not change if the underlying material behavior changes from
linear to non-linear. A quantitative comparison can be found in a recently published paper [17], where it is claimed,
that for a two-dimensional homogenization problem in elasticity, the computational cost per time step was reduced
up to 96.4% with 50° data-points and 0.1% accuracy as compared to a classical computational homogenization
method.

5. Future perspectives

The current work establishes a firm foundation, based on data-driven mechanics, for a computationally efficient
homogenization methodology for non-linear history-dependent diffusion behavior. The model reduction preserves a
prominent two-fold advantage of cheap micro-scale calculations and provides the effective history tracking through
the enrichment-variables. The challenge for the non-linear case lies in the extraction of a reduced bases set, since an
eigenvalue problem is not at hand, complicating the identification of the enrichment-variables. Possible extensions
of the proposed data-driven reduced homogenization methodology to the non-linear regime may be inspired by the
literature. An example is the nonuniform transformation analysis (NTFA), as proposed in [35], where it is possible
to decompose the time-dependent non-linear micro-scale response into a linear and a non-linear part. Then, the
micro-scale is divided into several subdomains based on, for example, the material distribution of the constituents.
An analytical reduced bases set is found for the non-linear part of the response in each subdomain of the micro-scale
unit-cell, while the linear response can be obtained through a simple linear micro-scale calculation. It should be
possible to upscale the activity coefficients of the non-linear reduced bases to the macro-scale.

The downside of NTFA is the construction of the analytical reduced bases set. In this context, a more general
model reduction method, which relies on reduced bases set by the proper orthogonal decomposition (POD) [36,37]
of the primary micro-scale field, can be used instead. It entails performing micro-scale simulations and collecting the
snapshots from time responses of the given micro-structure under various loading scenarios. The responses of these
micro-scale simulations, i.e. snapshots of the primary field variable, are collected in a matrix format and the reduced
bases set is obtained via a proper orthogonal decomposition. Then, the Galerkin projection onto the reduced bases set
can be performed for the micro-scale discrete system of equations providing the evolution equations of the activity
coefficients of the reduced bases set, which serve as internal-variables that efficiently capture the history-dependent
macroscopic behavior in a data-set. The spatial modes, alone, cannot capture the time dependent behavior and
their inclusion in the data-set and phase-space should also be avoided, since, it will make the data-driven problem
computationally very expensive. A different approach using proper generalized decomposition (PGD) [38] can
also be considered. It parameterizes the micro-scale solution in spatial directions, time, constituents and nonlinear
behavior. The reduced bases are then constructed iteratively with an alternating direction algorithm.

The structure of the data-driven problems depends on the type of problem under consideration, the terms
considered in the distance function, and the form of the evolution equations emerging as a result of the model
reduction. The general expressions obtained in (4)—(6) remain valid when the modes are obtained from a different
approach, e.g. NTFA, POD, PGD. In non-linear data-driven reduced homogenization, the coefficients 7 ém in the
distance function might also be approximated by the eigenvalue analysis on the linearized micro-scale material
response as presented in Section 4.4 or some analytical averaging maybe used technique instead.

The current framework can also be extended to other physical phenomena, where the emergent macro-scale
behavior is caused by the underlying microstructure. For example, the homogenized response of locally resonant
acoustic metamaterials in the linear regimes was proposed in [10] in which an enrichment-variable emerges at the
macro-scale by performing model reduction at the micro-scale. The evolution equation of these enrichment-variables
is a second-order ordinary differential equation. To solve this problem by data-driven formulation, a combination
of a data-driven approach for dynamics problems, as presented in [15], and history dependent materials using
internal-variables, as proposed in [16], can be used. Similar extensions apply to other multi-physics phenomena,
as considered in [12], where an enriched-continuum formulation for mass diffusion was coupled to mechanics.
There, taking the advantage of the linear material properties and the relaxed separation of scales, a coupled
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Fig. 12. For the coefficients 'C,, 2C,, 3C,n and *C,, the time evolution of the relative Ly-error norm, calculated as ‘|I—lnD+1*ll’}lg+1”/|\/1"E+lH, where

/l'b*' is the chemical potential field obtained by the data-driven reduced homogenization (proposed) using the data-set DE’,;r Jls) and ,CL'};” is
the chemical potential field obtained by the enriched-continuum formulation (reference) under boundary conditions (29). The default values
and the units of the coefficients are given in Table 4. The relative Ly-error computed with the proposed default value for the coefficients
JC,, is marked with the black lines.

eigenvalue problem was solved to obtain the enrichment-variables representing the history-dependent coupled
chemo-mechanical behavior at the macro-scale.

One of the major limitations of any data-driven method, whether a model-free approach [13,28] or the one
which is used to develop e.g. a surrogate micro-scale model [19,20], is the availability of sufficiently broad and
representative data-sets. The data-sets used in the current work were generated by post-processing the material states
from the solution of a reduced homogenization scheme. However, such efficient models are approximations, which
rely on a number of assumptions, and in most cases are difficult to obtain. In other cases, generation of an adequate
data-set, through numerical/physical experiment becomes a tedious task especially if the non-linearities are involved.
One remedy could be the use of on-the-fly micro-scale simulations to fill a gap in the sparse data-set. At the same
time, running hundreds and thousands of micro-scale simulations to generate extensive data-sets is expensive and
time consuming. This obstacle can be overcome by making the data-sets available in online repositories, that will
save a lot of resources and time during the data-generation stage. Hence, the data-generation stage can be replaced
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Fig. 13. For the coefficients Séﬁ,ll) 65,(,:) and Xém the time evolution of the relative Lj-error norm, calculated as Hﬁ'}f]—ﬁ’?' H/uﬁ”E“n, where

[L’I’;rl is the chemical potential field obtained by the data-driven reduced homogenization (proposed) using the data-set D?;r Jrls) and [t'gl is

the chemical potential field obtained by the enriched-continuum formulation (reference) under boundary conditions (29). The default values
and the units of the coefficients are given in Table 4. The relative L-error computed with the proposed default value for the coefficients
1C,, is marked with the black lines.

by a more efficient data-acquisition stage. In this regard, the Material Genome® [39] project and its application in
finding novel materials using data-driven methods [40] may serve as an inspiration.

6. Conclusions

In this work, a data-driven reduced homogenization method is proposed for capturing the non-Fickian and
history-dependent transient diffusion behavior in heterogeneous materials. It is built on the enriched-continuum
formulation, developed earlier in [8] for linear material behavior exhibiting a relaxed separation of scales, and the
data-driven mechanics, proposed in [13]. An enriched-continuum is a macroscopically homogenized description of
a heterogeneous material in which the transient effects emerging from the micro-scale, through a model reduction,
are captured by enrichment-variables at the macro-scale. For linear material properties and the relaxed separation
of scales, the model reduction at the micro-scale can be performed by using the eigenvectors, obtained via the
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Fig. 14. For the coefficients 1, 2Cpy 3C,y and *C,, the time evolution of the relative La-error norm, calculated as i} -5 I/1a%+" 1, where

;l'l';" is the chemical potential field obtained by the data-driven reduced homogenization (proposed) using the data-set 5;’,}" 415) and ,EL'EH is
the chemical potential field obtained by the enriched-continuum formulation (reference) under boundary conditions (29). The default values
and the units of the coefficients are given in Table 4. The relative Ly-error computed with the proposed default value for the coefficients
JC,, is marked with the black lines.

solution of an eigenvalue problem at the micro-scale, as the reduced bases. The data-driven method seeks a
physical-state of the material closest to a point in the data-set, which can be obtained by experiments (in this
work micro-scale simulations). Following [16], instead of using the whole history of the microscopic primary
field variables, the enrichment-variables are used to efficiently keep track of the history-dependent state of the
macroscopic behavior. The data-driven reduced homogenization uses a staggered solution scheme [28] to tackle the
combinatorial complexity of a mixed, continuous and discrete, double-minimization problem, in which the state and
the closest point in the data-set, which minimizes a global distance function, are found iteratively. The macroscopic
compatibility is imposed directly and the macroscopic mass balance law is imposed through Lagrange multipliers.

Numerical examples are conducted for a macroscopically isotropic response in a one-dimensional domain,
showing an adequate performance and robustness of the proposed methodology. A two-dimensional micro-scale
problem, under one-dimensional loading conditions, is considered to obtain the macroscopic quantities and to
provide the input for generating the data-sets. The enriched-continuum problem is used as a reference solution,
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Fig. 15. For the coefficients 56’5,1) 66’5,1) and Sém the time evolution of the relative Lj-error norm, calculated as II/'L’,3+'—;1'E+1\I/\\,2’§+‘\|, where

[L’I’;rl is the chemical potential field obtained by the data-driven reduced homogenization (proposed) using the data-set 5?; Jrls) and [t'gl is

the chemical potential field obtained by the enriched-continuum formulation (reference) under boundary conditions (29). The default values
and the units of the coefficients are given in Table 4. The relative L-error computed with the proposed default value for the coefficients
1C,, is marked with the black lines.

and to generate the data-sets by post-processing the primary field and its gradient, as well. The actual generation
of the data-set is done using stand-alone micro-scale simulations with different loading conditions having different
frequencies. The obtained point in the data-set can then be added to the already existing data-set. The large number
of coefficients in the distance function make the current data-driven problem more prone to numerical errors and
instabilities, so a methodology is presented to carefully select the numerical values of these coefficients, based
on the information available from the micro-scale simulations. By doing so, a substantial decrease in the number
of iterations and numerical error was obtained. Data-driven reduced homogenization captures the homogenized
enriched-continuum response very well and also the post-processed micro-scale fields are in close agreement with
each other. The proposed data-driven approach performs adequately in the presence of noise in the data-set and
also in the case when a different data-set is used. Finally, by increasing the number of points in the data-set the
error is reduced substantially, however at the expense of an increased number of iterations and computational effort.
Obviously, the present work can be extended to an-isotropic macroscopic and two/three-dimensional behavior.
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Appendix A. Relative L;-error for different coefficient values using data-set Dg.s)

The performance of the data-driven reduced homogenization is checked with different values of coefficients ’C,,,
appearing in the definition of the norm (15) for the distance function (18), with the data-set D(g.s). The results are
presented in Figs. 12 and 13.

Appendix B. Relative L,-error for different coefficient values using data-set with noise 5(R+s)

The performance of the data-driven reduced homogenization is checked with different values of coefficients /C,,,,
appearing in the definition of the norm (15) for the distance function (18), with a noisy data-set 5(R+S), the result
is shown in Figs. 14 and 15. An increase in the relative L,-error is observed as compared to the data without noise
D(r+s), With the introduction of the noise, the error is comparatively less influenced by the numerical values of the
coefficients and more by the noisiness of the data.
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